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Outline 
• Introduction 

 

• Density-dependent cluster model (DDCM) and 
generalized DDCM for alpha-decay half-lives 
 

• Multi-channel cluster model (MCCM) :  solve 
coupled-channel Schrödinger--equations of  
quasi-bound states  for   

    alpha-decay half-lives and branching ratios 

 

• New Geiger-Nuttall law of  alpha decay 

 

• Summary 



Congratulate Arima sensei 88 birthday 

祝贺有马先生88岁生日快乐 

• I  saw Prof. Arima many times (RIKEN,1996…) 

• Around 2002, I got a call from the Office of 

Foreign Affairs in Nanjing University that Prof. 

Arima planed to visit Beijing. We invited him to 

visit Nanjing University also and he was given 

an honoury professor of Nanjing Univrsity. I was 

in charge of  this (his talk, the procedure for the 

honoury professor). 

• I met Arima Sensei in Shanghai Jiao Tong 

University (around 2011).  He told me he walks 

everyday even if it rains or snows. 
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I (Zhongzhou REN) and Bo Zhou (my 

student) congratulations:  

• We write an article  to congratulate 

Arima sensei 88 birthday in Frontiers of 

Physics （2018）. 

 

• We have good collaborations with 

Japanese physicists: Horiuchi-san,  

   Tohsaki-san, Yamada-san, Funaki-san. 

• We are also collaborating with Hiyama-

san, En’yo-san on researches. 
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Clustering: China-Japan-France-Germany 

PRL 110, 262501 (2013): nonlocalized 
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We develop  cluster model (THSR) from N=Z=Even 

nuclei (previous researches) to N=Z+1 nuclei  (9Be…, 

Lyu, Ren,..Horiuchi,…PRC 2015).   Schematic Fig.: 
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We develop  cluster model (THSR) from 

N=Z=Even nuclei (previous researches) to 

N=Z+2  or  N=Z=odd nuclei  (10Be,  10B…, Lyu, 

Ren, Horiuchi,…Zhao…, PRC2016, PRC2018).    

Schematic Fig.:  Cluster structure of 10Be 
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Now move to alpha decay of nuclei:  

importance of alpha decay  

 

• Origin of nuclear physics 1896: Becquerel 

 

• Identify new elements (Po and Ra) by stronger 
radioactivity: Curies.  Z=105-118… 
 

• Identify the core of atom (nucleus): Rutherford 
 

• Validity of quantum mechanics for nuclear 
Physics: Gamow in 1928 
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There are more than 400 nuclei that exhibit the 

alpha-decay phenomenon (yellow one). 



known 

CN 277112 

273110 

269Hs 

265Sg 

261Rf 

257No 

11.45 MeV 

280 s 

11.08 MeV 

110  s 

9.23 MeV 

19.7 s 

4.60 MeV (escape) 

7.4 s 

8.52 MeV 

4.7 s 

253Fm 

8.34 MeV 

15.0 s 
Date:  09-Feb-1996 

Time: 22:37 h 

277112 

70Zn 208Pb 277112 

n 

kinematic separation 
in flight 

identification  
by - correlations 
to known nuclides 

Synthesis of Z=112 SHE at SHIP 
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Z=113,115,117,118  

identified by alpha decay 

 

• Z=113:  Nihonium, Nh.   (produced in RIKEN). 

 

• Z=115: Moscovium, Mc. (produced in Dubna). 

 

• Z=117: Tennessine, Ts. (produced in Dubna). 

 

• Z=118: Oganesson; Og. (produced in Dubna). 

 



南京大学 

Predictions of SHF and RMF 

compare well with MM results 

[12,13] 

Oganessian et al, PRC72, 034611 (2005) 



南京大学 

SHF [12，49-51] and RMF 

[13，52-57]  compare well 

with the experimental 

results 

Oganessian et al,  PRC72  

2005 



15.  Ren, Z.  Shape coexistence in even-even 

superheavy nuclei. Phys. Rev. C65, 051304 

(2002) 

   Cited:  shape coexistence, Ref.  [15] 

Nature, 433 (2005) 705 



New isotope in China: 265Bh (Z=107) 

Data of 265Bh agree with Ren et al  [12,13] 
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Ren et al., PRC 70 (2004) 034304, Density-Dependent 

Cluster Model (DDCM): new model 4He, 14C decay 
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 Density-Dependent Cluster Model 

 
• DDCM:  model of alpha and cluster decay: 

• 1) N-N effective potential: from Reid potential 

• 2) Double folding with  density: alpha+nucleus 

• 3) low density behavior--exchange included 

• 4) agree well with experimental half-lives 

 

• Z Ren, C Xu, Z Wang, PRC 70: 034304 (2004) 

• C Xu, Z Ren, NPA 753: 174 ,NPA 760: 303 (2005)  

• C Xu, Z Ren, PRC 73:  041301(R) (2006)… 

• D. Ni, Z. Ren, PRC , (2009), (2010), GDDCM….. 
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Schematic Fig.: double folding 

potential or Woods-Saxon potential 

   We consider a spherical 
alpha-particle interacts 
with a deformed core 
nucleus which has an 
axially symmetric 
nuclear shape.    

The decay process is described by the tunneling 
of the alpha particle through a deformed 
potential barrier, which is approximated by an 
axially deformed potential. 
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alpha decay and quantum mechanics 

• Quantum mechanics: originated from atomic physics. 
Two kinds of states in textbook: bound, scattering 

    1928，Gamow:  quantum tunnel  
• Unstable nuclei (238U):  finite lifetime: Quasi-Bound 

State (QBS) 

 

• Our DDCM: WKB,  Bohr-Sommerfeld quantization, 
semi-classical approximation 

• alpha-decay :  quantum effect. To solve 
Schroedinger-eq. for QBS 

 

• Generalized Density-Dependent Cluster Model 

• Multi-Channel  Cluster Model (MCCM) 
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        V0 is determined by the 

characteristic of the alpha-

cluster quasibound state. 

Woods-Saxon shape 

nuclear potentials 

QBS:  wave function of Woods-Saxon potential, tail 



Generalized Density-Dependent Cluster Model 

The Reid  

nucleon-nucleon potential 

Nuclear Matter : G-Matrix 

M3Y 

Bertsch et al. 

Satchler et al. 

Alpha  Scattering 

RM3Y 

1/30 
G-DDCM Electron Scattering  

Nuclear Matter 

Alpha Clustering (1/3) 
Alpha Clustering 

Brink et al. 

S--Eq. : Q—BS 

Tonozuka et al. 

Hofstadter et al. 
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Generalized Density-Dependent Cluster Model 

PRC 80 014314 (2009) 
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Multi-Channel Cluster Model  (MCCM):  

 alpha-decay of deformed nuclei  2010--- 
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Schematic diagram of the alpha decay of well-

deformed even-even nuclei 

( 1)IE I I 
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• The deformed potential V is expanded in spherical 
multipoles to order 12. 

 

• The dynamics of the core is included in evaluating 
the interaction matrix elements. 

 

• The Boltzmann distribution hypothesis is proposed 
for daughter states to simulate the internal effect of 
nuclear states on alpha-cluster formation. 

 

• A more realistic description of alpha decay has been 
achieved. 

Key points ( five channels) 
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The total wave function of the system 
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The multipole expansion of the interaction potential  



28 

The coupling potential between channels α and α’ 
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For rotational nuclei, the reduced matrix elements are 

assumed as 
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(2) The Wildermuth condition 

(3) Boundary conditions for different channels 

Coupled-channel wave functions 

( 0) 0;

( ) ( ) ( ) .
d d

n j

n j j J J

u r

u r N G k r iF k r
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(1) The potential depth V0 is adjusted to make all 

channels reproduce the experimental QJd  values.  
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Alpha-cluster formation  

• A constant preformation factor is used for 
ground state of all even-even nuclei (Pα =0.36). 

   This value is not only consistent with the 
experimental data of open-shell nuclei but also 
supported by the microscopic calculation. 

 

• The hypothesis of Boltzmann distributions ρ(EI) 
is proposed for daughter states, as Einstein did 
for molecules with a set of discrete states.  

   This implies that there is a gradual decline in the 

Pα factor with increasing daughter spins.  
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The total decay width representing the tunneling 

through the deformed barrier 

{ }
( )I II

P E  
The partial decay width corresponding to the decay 

into a core state I  

22
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The alpha-decay half-lives and branching ratios (BR) 

are expressed as 

1/ 2 ln 2 /

BR ( ) 100%I I

T

P E
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The comparison of experimental alpha-decay half-lives 

with theoretical ones for well-deformed emitters 

 
235

10 expt calc

1

1
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Calculated results for two isotopes of Cf  

0+ 

2+ 

4+ 

6+ 

Exp. 

 (%) 

Cal. 

 (%) 
250Cf 

84.7 76.60 

15.0 22.73 

0.3 0.66 

0.010 ~0.01 

T1/2(s) 4.13×108   3.09×108 

8+ 
--- 5.8×10-5 

0+ 

2+ 

4+ 

6+ 

Exp. 

 (%) 

Cal. 

 (%) 
252Cf 

84.2 79.29 

15.7 19.76 

0.24 0.95 

0.0089 0.002 

T1/2(s) 8.61×107   8.87×107 

8+ 
6.0×10-5 7.9×10-5 
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Calculated results for two isotopes of Fm  

0+ 

2+ 

4+ 

6+ 

Exp. 

 (%) 

Cal. 

 (%) 
252Fm 

84.0 76.93 

15.0 21.60 

0.97 1.45 

0.022 0.023 

T1/2(s) 9.14×104   4.70×104 

8+ 
--- 3.8×10-4 

0+ 

2+ 

4+ 

6+ 

Exp. 

 (%) 

Cal. 

 (%) 
254Fm 

85.0 78.28 

14.2 20.30 

0.82 1.41 

0.0126 0.0066 

T1/2(s) 1.17×104   7.95×103 

8+ 
--- 4.8×10-4 
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Multichannel calculations for fine structure in odd-odd 

nuclei（maximum 25 channels） 

Multichannel calculations for fine structure in odd-A 

nuclei（maximum 25 channels） 



Diagram of the alpha decay of deformed odd-mass 

nuclei (to favored rotational bands) 

The number of decay channels increases 

greatly in contrast to even-even nuclei 



Comparison of calculated alpha-decay half-lives with 

the experimental data (within a  factor of about 1.9) 
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24 decay channels considered for odd-A Es isotopes 
(Ni and Ren, PRC 86, 054608, 2012) 



Calculated results for odd-odd Am isotopes 
 (23 and 25 decay channels considered)  

MCCM  WKB MCCM  WKB 



New G-N law:  PRC 85 (2012) 044608 

Effects of the quantum numbers of quasibound states 

are included into the formula. 
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PRC2014：new isotope 205Ac 



The calculated half-life (15 ms) with  new Geiger-Nuttall 

law [16,17] agrees well with the measured data 

 (20 +97
-9ms). 

PRC2014：new isotope 205Ac 



2018/9/26 

New isotope 216U: identified by alpha decay chain:  

Ma, Zhang, Gan,..,Ren,Zhou..PRC 91 (2015) 051302  
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   First result on charge radii of superheavy nuclei by decay data 
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PRC 89 (2014) 024318: Nuclear charge radii of superheavy odd-

mass and odd-odd nuclei from α-decay data 



Microscopic calculation of ɑ preformation 

factor 212Po (PRC 2016, Xu, Ren,…Horiuchi...)  
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New insight into alpha clustering of heavy nuclei via their 

alpha decay, PLB777 (2018) 298-302:  Qian and Ren 
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New result on 219Np, PLB777 (2018) 212-

216: …Gan… Zhou, Ren,  Zhou , Xu, Xiao  
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Summary 

• Density-Dependent Cluster Model (DDCM) 

 

• Multi-Channel Cluster Model (MCCM) for calculations 
of alpha-decay half-lives and branching ratios of 
deformed nuclei: 

      S-eq. for quasi-bound states. 

 

• By including nuclear deformation, we reach good 
agreement with experimental half-lives and branching 
ratios.  Odd-A and odd-odd nucei. 

 

• New Geiger-Nuttall law agrees well with half-lives  

• New isotopes 205Ac and 216U. 
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Thanks 

• Collaborators: C.Xu, D.Ni, X.P. Zhang, 

Y.Qian, Bo Zhou, Mengjiao Lyu, Q. 

Zhao… Z.Gan…;  

   H. Horiuchi, Tohsaki, Funaki, Yamada， 

   Hiyama, En’yo, P. Schuck, G. 

Roepke, … 

•   

• Thanks for  your attention .… 
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New result on 219Np, PLB777 (2018) 212-

216: …Gan…Ren, Zhou …Xiao  
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Denisov et al. compared DDCM with their results 

                   

Our results and those from 

Ref. [18] are …of different 

cluste model... in Fig. 2. 

Good estimation of alpha-

decay half-lives is obtained 

in Ref.[18] for superheavy 

nuclei... 

 

[18] C. Xu and Z. Ren, Nucl. 

Phys. A753, 174 (2005) 
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Different cluster models give similarly good results 
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南京大学任中洲课题组 和国外合作 

PRL 110, 262501 (2013): 非局域集团新观点 



New isotope in China: 265Bh (Z=107) 

Data of 265Bh agree with theory  [12,13] 

67 



Generalized Density-Dependent Cluster Model 

PRC 80 014314 (2009) 
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Generalized Density-Dependent Cluster Model 

The Reid  

nucleon-nucleon potential 

Nuclear Matter : G-Matrix 

M3Y 

Bertsch et al. 

Satchler et al. 

Alpha  Scattering 

RM3Y 

1/30 
G-DDCM Electron Scattering  

Nuclear Matter 

Alpha Clustering (1/3) 
Alpha Clustering 

Brink et al. 

S--Eq. : Q—BS 

Tonozuka et al. 

Hofstadter et al. 
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Calculated results for two isotopes of Pu  

0+ 

2+ 

4+ 

6+ 

Exp. 

 (%) 

Cal. 

 (%) 
240Pu 

72.8 72.22 

27.1 27.73 

0.084 0.048 

0.00147 0.00106 

T1/2(s) 2.07×1011 2.74×1011 

8+ 
4.6×10-5 4.6×10-6 

0+ 

2+ 

4+ 

6+ 

Exp. 

 (%) 

Cal. 

 (%) 
242Pu 

76.49 76.12 

23.48 23.85 

0.0307 0.0341 

0.00232 0.00086 

T1/2(s) 1.18×1013 1.93×1013 

8+ 
--- 2.6×10-6 
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Quantum Mechanics (QM) ：
quantization and Schrodinger-eq. 

 

• Geiger-Nuttall law (G-N law) was proposed 
（1911 ）before  QM (1925-1927) 
 

• Gamow derived G-N law but without 
introducing quantum numbers. 
 

• Change  of quantum numbers should be 
included in G-N law as alpha-decay is a pure 
quantum effect. 
 
 

 

 



2 2 2

2 2
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N C n j n j

d
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Some basic observables such as quantum numbers  can 

be absorbed in the formula for a better description of 

alpha-decay data. 
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10 1/ 2log / ( 1)c d c dT a Z Z Q b Z Z c S P      

Effects of G (or n) quantum number on alpha-

decay data: S=0 for N>126 and S=1 for N<=126 

Effects of angular momentum and parity 

of alpha particle  
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Ground-state transition of 

even-even nuclei :  L=0 



Ratios between experiment and theory for even-even Po nuclei 

with the original law and with the new law: new law also agrees 

well with the data for N<=126. 
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Ratios between experimental data and theoretical results 

for Rn nuclei with the original law and with the new law 

(PRC, 2012) 
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Ratios between experimental data and theoretical results 

for odd-A Po nuclei with original law and with new law  

(PRC, 2012) 
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neutron  number

111

112

113

114

117

115

118

116

160 162

164 166 168 170 172 174

176 178 180 182 184

152 158156154

Mt 266

Db 262 Db 263

Sg 266

Db 258Db 256 Db 260Db 257

Rf 260 Rf 261 Rf 262 Rf 263Rf 259Rf 256Rf 255 Rf 258

Bh 261 Bh 262

Rf 257

Db 261

Sg 260 Sg 261 Sg 263Sg 259

Bh 264

Bh

Hs

Ds

Sg 258

Lr 259

No 258

Lr 260

No 259

Lr 261 Lr 262

No 262No 260

Lr 258

No 257

Lr 255

No 254

Lr 254

No 253

Lr 257

No 256

Lr 256

No 255

Md 257

Fm 256

Md 258

Fm 257

Md 259 Md 260

Fm 258 Fm 259

Md 256

Fm 255

Md 253

Fm 252

Md 252

Fm 251

Md 255

Fm 254

Md 254

Fm 253

Es 255 Es 256Es 254Es 251Es 250 Es 253Es 252

Cf 255 Cf 256Cf 253Cf 250Cf 249 Cf 251 Cf 252 Cf 254

110/273110/271

111/272

CHART OF THE NUCLIDES 

No

Md

Fm

Es

Cf

p
ro

to
n

  
n

u
m

b
e
r

150

Db

Rf

Lr

No

Md

Fm

Es

Cf

Z = 114

108
Hs 267Hs 265Hs 264

a

a

a

a

a

a

110/270

Hs 266

Sg 262

112/285

9.15

39 s

Z/A

T1/2

E  (MeV)

110/269

Mt 268



EC

-

SF

112/277

110/267

Mt

Hs 269 Hs 270

Sg 265

Sg

a

aa

a

a

a

a

a

a

a

a

a

a

a

a a

a

aa

aa

108/275

110/279

106/271

112/284112/282

114/286 114/287

10.01

114/288

9.95

116/290

115/288115/287

113/284113/283

111/280

109/276

107/272

111/279

109/2 57

116/291

10.85 10.74

112/285

110/281

114/289

9.82

9.169.54

9.30

8.53

10.00
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9.02
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16 h
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9.6 s

34 s

0.56 s 0.63 s 2.7 s0.16 s

10.20

112/283
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1.8 ms

118/294

11.65

105/267

1.2 h

10.53

9.70

104/268104/267

2.3 h

48 238 249Ca + U.... Cf

208 50 70Pb + Ti.... Zn

Alpha decay:  a reliable way to identify new 

synthesized elements. 
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Calculated results for two isotopes of Cm  

0+ 

2+ 

4+ 

6+ 

Exp. 

 (%) 

Cal. 

 (%) 
242Cm 

74.08 68.87 

25.92 31.04 

0.035 0.077 

0.0053 0.0046 

T1/2(s) 1.41×107   1.32×107 

8+ 
2.0×10-5 3.8×10-5 

0+ 

2+ 

4+ 

6+ 

Exp. 

 (%) 

Cal. 

 (%) 
244Cm 

76.9 71.34 

23.1 28.60 

0.0204 0.0479 

0.00733 0.00352 

T1/2(s) 5.72×108   5.68×108 

8+ 
4.0×10-5 2.8×10-5 
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Five-channel calculation of fine structure in the 

alpha decay of well-deformed nuclei 



Kπ=7/2+ 

band 

Kπ=5/2+ 

band 

Experimental observation of fine structure in the alpha 

decay of odd-mass nuclei: 245Cm 



Qian and Ren, PLB  738  (2014)  87-91:  

Half-lives  of  α-decay from superheavy elements   



Microscopic calculations of ɑ preformation 

factor in 212Po (PRC 2016, Xu, Ren,…)  
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New result on 219Np, PLB777 (2018) 212-

216: …Gan…Ren, Zhou ,Xu,Xiao  
  


